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Reduced order models
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The aim of reduced order models (ROMs) is to reduce the computational cost while 
maintaining an acceptable level of accuracy, by reducing the dimensionality of the problem.  
We consider a partial differential equation (PDE):

differential 
operator state 

variable
parameters

We suppose to have data from previous simulations, the so-called snapshots,  
such that: 

<latexit sha1_base64="63Nq/XwXimfI/qzGt0jkywkhCvI=">AAACG3icbVBJSgNBFK12jHGKuhShMAhxE7pFoiBCQBAXLiKYAZIQfldXkiLVA1W/A6HJynN4ALd6BHfi1oUn8BpWhoVJfFDweO9P9dxICo22/W0tLa+srq2nNtKbW9s7u5m9/YoOY8V4mYUyVDUXNJci4GUUKHktUhx8V/Kq27sZ+dU+V1qEwSMOIt70oROItmCARmpljho+YJeBpPc0F1/RRh8UdjnCKb2mdiuTtfP2GHSROFOSJVOUWpmfhhey2OcBMgla1x07wmZiZgom+TDdiDWPgPWgw+uGBuBz3UzG3xjSE6N4tB0q8wKkY/VvRwK+1gPfNZWjo/W8NxL/8+oxti+biQiiGHnAJovasaQY0lEm1BOKM5QDQ4ApYW6lrAsKGJrkZrZo9EENlDc0yTjzOSySylneKeQLD+fZ4u00oxQ5JMckRxxyQYrkjpRImTDyRF7IK3mznq1368P6nJQuWdOeAzID6+sXMVKgiA==</latexit>

L(u;ω) = 0

<latexit sha1_base64="Z7ZYSOKNe0AS/bjyXr6It6JAAmw=">AAACF3icbVDLSsNAFJ3UV62vqCtxM1gEF6UkRarLgiCupKJ9QBvCZDJph04ezNwIJRS/ww9wq5/gTty69Av8DZM2C9t64MKZc+7lzj1OJLgCw/jWCiura+sbxc3S1vbO7p6+f9BWYSwpa9FQhLLrEMUED1gLOAjWjSQjviNYxxldZX7nkUnFw+ABxhGzfDIIuMcpgVSy9aPYNis4tmsV3BduCCp7JLf2/cTWy0bVmAIvEzMnZZSjaes/fTeksc8CoIIo1TONCKyESOBUsEmpHysWEToiA9ZLaUB8pqxkesIEn6aKi71QphUAnqp/JxLiKzX2nbTTJzBUi14m/uf1YvAurYQHUQwsoLNFXiwwhDjLA7tcMgpinBJCJU//iumQSEIhTW1uiwKfyLF0s2TMxRyWSbtWNevV+t15uXGdZ1REx+gEnSETXaAGukFN1EIUPaEX9IretGftXfvQPmetBS2fOURz0L5+Ab2/n1I=</latexit>u1, u2, . . . , uNS

and we want to leverage these to predict the solution for a new value of the parameter.

<latexit sha1_base64="lQp3hV9igWPl5FLgrlaJo3Nuoto="></latexit>

LN (ui;ωi) = 0 i = 1, . . . , NS

discrete version of the 
differential operator



Camilla Fiorini Séminaire EDP / 25  

Reduced order models
We are interested in reconstructing the solution manifold                                              . 
If the manifold is nice enough (i. e. the dependence of the solution on the parameter is 
smooth), linear methods can be used: we look for a finite-dimensional linear space   
that approximates the manifold       . 
A classical technique is the proper orthogonal decomposition (POD), whose ansatz is

3

<latexit sha1_base64="0uKBgwcwwpAJWacBE5NbPP5mjaM="></latexit>

M = {u( · ;ω), ω → !}

<latexit sha1_base64="qIVlATFWgoBSO3gO7fOWbNOMSRA=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiQi1WVBEDdCBfvANpTJZNIOnUzCzEQIoXs/wK1+gjtx62/4Bf6GkzYLWz0wcDjnXu6Z48WcKW3bX1ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7HlYUc4EbWumOe3FkuLQ47TrTa5yv/tIpWKRuNdpTN0QjwQLGMHaSA+DEOsxwRzdDqs1u27PgP4SpyA1KNAaVr8HfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks8RSdGMVHQSTNExrN1N8bGQ6VSkPPTOYJ1bKXi/95/UQHl27GRJxoKsj8UJBwpCOUfx/5TFKieWoIJpKZrIiMscREm5IWrigdYplKf2qacZZ7+Es6Z3WnUW/cndea10VHZTiCYzgFBy6gCTfQgjYQEPAML/BqPVlv1rv1MR8tWcXOISzA+vwBcHaZ8Q==</latexit>

M

<latexit sha1_base64="mCczeOnQnRWQAeVOaR/hZvteGR8="></latexit>

u(x;ω) →
NR∑

k=1

εk(ω)ϑk(x)

<latexit sha1_base64="KAFLAUxDgB5zdm/FRwEBaKq5cfY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6rIgiCupYh/QhjCZTNuhM5MwMymE0H/wA9zqJ7gTt/6CX+BvOGmzsK0HLhzOuZd7OEHMqNKO822V1tY3NrfK25Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7J/c6ESEUj8aTTmHgcDQUdUIy0kXzb7nOkRxgx2Paze/9x6ttVp+bMAFeJW5AqKND07Z9+GOGEE6ExQ0r1XCfWXoakppiRaaWfKBIjPEZD0jNUIE6Ul82ST+GZUUI4iKQZoeFM/XuRIa5UygOzmedUy14u/uf1Ej249jIq4kQTgeePBgmDOoJ5DTCkkmDNUkMQltRkhXiEJMLalLXwRWmOZCrDvBl3uYdV0r6oufVa/eGy2rgtOiqDE3AKzoELrkAD3IEmaAEMJuAFvII369l6tz6sz/lqySpujsECrK9frxCcvQ==</latexit>

VNR

        basis 
functions 

<latexit sha1_base64="KAFLAUxDgB5zdm/FRwEBaKq5cfY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6rIgiCupYh/QhjCZTNuhM5MwMymE0H/wA9zqJ7gTt/6CX+BvOGmzsK0HLhzOuZd7OEHMqNKO822V1tY3NrfK25Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7J/c6ESEUj8aTTmHgcDQUdUIy0kXzb7nOkRxgx2Paze/9x6ttVp+bMAFeJW5AqKND07Z9+GOGEE6ExQ0r1XCfWXoakppiRaaWfKBIjPEZD0jNUIE6Ul82ST+GZUUI4iKQZoeFM/XuRIa5UygOzmedUy14u/uf1Ej249jIq4kQTgeePBgmDOoJ5DTCkkmDNUkMQltRkhXiEJMLalLXwRWmOZCrDvBl3uYdV0r6oufVa/eGy2rgtOiqDE3AKzoELrkAD3IEmaAEMJuAFvII369l6tz6sz/lqySpujsECrK9frxCcvQ==</latexit>

VNR

POD 
coefficients

offline 
phase

online 
phase
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Offline phase
In order to build the basis of the linear space         , we collect the snapshots                           
into the following matrix: 
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<latexit sha1_base64="Z7ZYSOKNe0AS/bjyXr6It6JAAmw=">AAACF3icbVDLSsNAFJ3UV62vqCtxM1gEF6UkRarLgiCupKJ9QBvCZDJph04ezNwIJRS/ww9wq5/gTty69Av8DZM2C9t64MKZc+7lzj1OJLgCw/jWCiura+sbxc3S1vbO7p6+f9BWYSwpa9FQhLLrEMUED1gLOAjWjSQjviNYxxldZX7nkUnFw+ABxhGzfDIIuMcpgVSy9aPYNis4tmsV3BduCCp7JLf2/cTWy0bVmAIvEzMnZZSjaes/fTeksc8CoIIo1TONCKyESOBUsEmpHysWEToiA9ZLaUB8pqxkesIEn6aKi71QphUAnqp/JxLiKzX2nbTTJzBUi14m/uf1YvAurYQHUQwsoLNFXiwwhDjLA7tcMgpinBJCJU//iumQSEIhTW1uiwKfyLF0s2TMxRyWSbtWNevV+t15uXGdZ1REx+gEnSETXaAGukFN1EIUPaEX9IretGftXfvQPmetBS2fOURz0L5+Ab2/n1I=</latexit>u1, u2, . . . , uNS

<latexit sha1_base64="KAFLAUxDgB5zdm/FRwEBaKq5cfY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6rIgiCupYh/QhjCZTNuhM5MwMymE0H/wA9zqJ7gTt/6CX+BvOGmzsK0HLhzOuZd7OEHMqNKO822V1tY3NrfK25Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7J/c6ESEUj8aTTmHgcDQUdUIy0kXzb7nOkRxgx2Paze/9x6ttVp+bMAFeJW5AqKND07Z9+GOGEE6ExQ0r1XCfWXoakppiRaaWfKBIjPEZD0jNUIE6Ul82ST+GZUUI4iKQZoeFM/XuRIa5UygOzmedUy14u/uf1Ej249jIq4kQTgeePBgmDOoJ5DTCkkmDNUkMQltRkhXiEJMLalLXwRWmOZCrDvBl3uYdV0r6oufVa/eGy2rgtOiqDE3AKzoELrkAD3IEmaAEMJuAFvII369l6tz6sz/lqySpujsECrK9frxCcvQ==</latexit>

VNR

<latexit sha1_base64="LB2Lu7M0l7dI7nbLN3URHxMCY1A="></latexit>

S =





u(x1;ω1) u(x1;ω2) · · · u(x1;ωNs)
u(x2;ω1) u(x2;ω2) · · · u(x2;ωNs)

...
...

...
u(xN ;ω1) u(xN ;ω2) · · · u(xN ;ωNs)





snapshot 1 snapshot 2 snapshot Ns

degrees of freedom 

and we perform an SVD decomposition of this matrix. The singular-vectors obtained are 
the basis       of the best linear approximation space. Then one can select the first       , with<latexit sha1_base64="Rv5Yi/dEmnSnPFaEJkWhOZJ8doc=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BQTxGMImSLGF2djYZMjO7zMwGlpCzH+BVP8GbePU7/AJ/w0myB5NY0FBUddPdFSScaeO6305hbX1jc6u4XdrZ3ds/KB8etXScKkKbJOaxegywppxJ2jTMcPqYKIpFwGk7GN5M/faIKs1i+WCyhPoC9yWLGMHGSk/dEVbJgPVYr1xxq+4MaJV4OalAjkav/NMNY5IKKg3hWOuO5ybGH2NlGOF0UuqmmiaYDHGfdiyVWFDtj2cHT9CZVUIUxcqWNGim/p0YY6F1JgLbKbAZ6GVvKv7ndVITXftjJpPUUEnmi6KUIxOj6fcoZIoSwzNLMFHM3orIACtMjM1oYYs2AqtMhRObjLecwyppXVS9WrV2f1mp3+YZFeEETuEcPLiCOtxBA5pAQMALvMKb8+y8Ox/O57y14OQzx7AA5+sXWhGZ8g==</latexit>ωi

<latexit sha1_base64="XlJrHVnc/7ZhImZI6O6QTugcQGU=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi1WVBEFdSH31AG8pkMmmHTiZhZiKE0IUf4FY/wZ249VP8An/DaZuFbT1w4XDOvdx7jxdzprRtf1uFldW19Y3iZmlre2d3r7x/0FJRIgltkohHsuNhRTkTtKmZ5rQTS4pDj9O2N7qa+O0nKhWLxKNOY+qGeCBYwAjWRnq47d/3yxW7ak+BlomTkwrkaPTLPz0/IklIhSYcK9V17Fi7GZaaEU7HpV6iaIzJCA9o11CBQ6rcbHrqGJ0YxUdBJE0Jjabq34kMh0qloWc6Q6yHatGbiP953UQHl27GRJxoKshsUZBwpCM0+Rv5TFKieWoIJpKZWxEZYomJNunMbVE6xDKV/tgk4yzmsExaZ1WnVq3dnVfq13lGRTiCYzgFBy6gDjfQgCYQGMALvMKb9Wy9Wx/W56y1YOUzhzAH6+sXJFuXBw==</latexit>

NR
<latexit sha1_base64="PjAn5ZYbDO0gqHjzSSWUg/hvUkw=">AAACEHicbZDLSsNAFIYn9VbrLdalm8EiuCqJSHVZEMRVqZdeoA1hMpm0QyeTODMRQ+hL+ABu9RHciVvfwCfwNZy2WdjWA8N8/P85nMPvxYxKZVnfRmFldW19o7hZ2tre2d0z98ttGSUCkxaOWCS6HpKEUU5aiipGurEgKPQY6Xijy4nfeSRC0ojfqzQmTogGnAYUI6Ul1yw33FvYZ+QBNtw7DUz/ZsWqWtOCy2DnUAF5NV3zp+9HOAkJV5ghKXu2FSsnQ0JRzMi41E8kiREeoQHpaeQoJNLJpreP4bFWfBhEQj+u4FT9O5GhUMo09HRniNRQLnoT8T+vl6jgwskojxNFOJ4tChIGVQQnQUCfCoIVSzUgLKi+FeIhEggrHdfcFqlCJFLhj3Uy9mIOy9A+rdq1au3mrFK/yjMqgkNwBE6ADc5BHVyDJmgBDJ7AC3gFb8az8W58GJ+z1oKRzxyAuTK+fgFeaJxu</latexit>

NR → NS ↑ N
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Online phase
Multiple techniques exist in order to compute the coefficients      . 
The real coefficients can be computed using orthonormality of the basis functions 

5

<latexit sha1_base64="OZntT6YZEc172KVr7feA8cYuwE0=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiJSXRYEcVnBPqAN5WYyaYfOTMLMRAihWz/ArX6CO3Hrf/gF/obTNgvbeuDC4Zx7ufeeIOFMG9f9dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbgCaciZpyzDDaTdRFETAaScY3079zhNVmsXy0WQJ9QUMJYsYAWOlbh94MoLBeFCpujV3BrxKvIJUUYHmoPLTD2OSCioN4aB1z3MT4+egDCOcTsr9VNMEyBiGtGepBEG1n8/uneBzq4Q4ipUtafBM/TuRg9A6E4HtFGBGetmbiv95vdREN37OZJIaKsl8UZRybGI8fR6HTFFieGYJEMXsrZiMQAExNqKFLdoIUJkKJzYZbzmHVdK+rHn1Wv3hqtq4KzIqoVN0hi6Qh65RA92jJmohgjh6Qa/ozXl23p0P53PeuuYUMydoAc7XL2GFmWY=</latexit>ωk

<latexit sha1_base64="mCczeOnQnRWQAeVOaR/hZvteGR8="></latexit>

u(x;ω) →
NR∑

k=1

εk(ω)ϑk(x)
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<latexit sha1_base64="OZntT6YZEc172KVr7feA8cYuwE0=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiJSXRYEcVnBPqAN5WYyaYfOTMLMRAihWz/ArX6CO3Hrf/gF/obTNgvbeuDC4Zx7ufeeIOFMG9f9dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbgCaciZpyzDDaTdRFETAaScY3079zhNVmsXy0WQJ9QUMJYsYAWOlbh94MoLBeFCpujV3BrxKvIJUUYHmoPLTD2OSCioN4aB1z3MT4+egDCOcTsr9VNMEyBiGtGepBEG1n8/uneBzq4Q4ipUtafBM/TuRg9A6E4HtFGBGetmbiv95vdREN37OZJIaKsl8UZRybGI8fR6HTFFieGYJEMXsrZiMQAExNqKFLdoIUJkKJzYZbzmHVdK+rHn1Wv3hqtq4KzIqoVN0hi6Qh65RA92jJmohgjh6Qa/ozXl23p0P53PeuuYUMydoAc7XL2GFmWY=</latexit>ωk

<latexit sha1_base64="+pBYc71FOaxDcOCUevABLG6EY/I="></latexit>

u(x;ω) · εj(x) →
NR∑

k=1

ϑk(ω)εk(x) · εj(x)
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Online phase
Multiple techniques exist in order to compute the coefficients      . 
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<latexit sha1_base64="OZntT6YZEc172KVr7feA8cYuwE0=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiJSXRYEcVnBPqAN5WYyaYfOTMLMRAihWz/ArX6CO3Hrf/gF/obTNgvbeuDC4Zx7ufeeIOFMG9f9dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbgCaciZpyzDDaTdRFETAaScY3079zhNVmsXy0WQJ9QUMJYsYAWOlbh94MoLBeFCpujV3BrxKvIJUUYHmoPLTD2OSCioN4aB1z3MT4+egDCOcTsr9VNMEyBiGtGepBEG1n8/uneBzq4Q4ipUtafBM/TuRg9A6E4HtFGBGetmbiv95vdREN37OZJIaKsl8UZRybGI8fR6HTFFieGYJEMXsrZiMQAExNqKFLdoIUJkKJzYZbzmHVdK+rHn1Wv3hqtq4KzIqoVN0hi6Qh65RA92jJmohgjh6Qa/ozXl23p0P53PeuuYUMydoAc7XL2GFmWY=</latexit>ωk

<latexit sha1_base64="/9fJ01501yhrbjfddUVDjJINK+M="></latexit>

u(x;ω) · εj(x) → ϑj(ω)
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<latexit sha1_base64="OZntT6YZEc172KVr7feA8cYuwE0=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiJSXRYEcVnBPqAN5WYyaYfOTMLMRAihWz/ArX6CO3Hrf/gF/obTNgvbeuDC4Zx7ufeeIOFMG9f9dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbgCaciZpyzDDaTdRFETAaScY3079zhNVmsXy0WQJ9QUMJYsYAWOlbh94MoLBeFCpujV3BrxKvIJUUYHmoPLTD2OSCioN4aB1z3MT4+egDCOcTsr9VNMEyBiGtGepBEG1n8/uneBzq4Q4ipUtafBM/TuRg9A6E4HtFGBGetmbiv95vdREN37OZJIaKsl8UZRybGI8fR6HTFFieGYJEMXsrZiMQAExNqKFLdoIUJkKJzYZbzmHVdK+rHn1Wv3hqtq4KzIqoVN0hi6Qh65RA92jJmohgjh6Qa/ozXl23p0P53PeuuYUMydoAc7XL2GFmWY=</latexit>ωk

<latexit sha1_base64="/9fJ01501yhrbjfddUVDjJINK+M="></latexit>

u(x;ω) · εj(x) → ϑj(ω)

This is of course not an operational definition, since one would need the exact solution to 
compute the coefficients. However, it gives an intuition as to why one way to compute the 
coefficient is to project the PDE onto the reduced space          and then solve the obtained 
reduced PDE. This introduces an additional error. 

<latexit sha1_base64="KAFLAUxDgB5zdm/FRwEBaKq5cfY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6rIgiCupYh/QhjCZTNuhM5MwMymE0H/wA9zqJ7gTt/6CX+BvOGmzsK0HLhzOuZd7OEHMqNKO822V1tY3NrfK25Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7J/c6ESEUj8aTTmHgcDQUdUIy0kXzb7nOkRxgx2Paze/9x6ttVp+bMAFeJW5AqKND07Z9+GOGEE6ExQ0r1XCfWXoakppiRaaWfKBIjPEZD0jNUIE6Ul82ST+GZUUI4iKQZoeFM/XuRIa5UygOzmedUy14u/uf1Ej249jIq4kQTgeePBgmDOoJ5DTCkkmDNUkMQltRkhXiEJMLalLXwRWmOZCrDvBl3uYdV0r6oufVa/eGy2rgtOiqDE3AKzoELrkAD3IEmaAEMJuAFvII369l6tz6sz/lqySpujsECrK9frxCcvQ==</latexit>

VNR
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Different kinds of errors
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Different kinds of errors
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Time step n Time step n+1
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Our model
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Neural ODEs-
based time 
integrator

Hybrid encoder Hybrid decoder

Encoding of 
initial condition

Decoding for 
any time step

Loop on all 
time steps
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Our model
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Numerical results—Burgers’ equation

We first tested our model on the viscous Burgers’ equation:

10

<latexit sha1_base64="LhpOQl41QDus9TvcwI32bFl8JsA="></latexit>




ωtu→ εωxxu+ uωxu = 0 t > 0, x ↑ (0, 1)

u(0, t) = c t > 0, x = 0

ωxu(1, t) = 0 t > 0, x = 1

u(x, 0) = g(x) t > 0, x ↑ (0, 1)

This test case offers low numerical cost while displaying highly convective and nonlinear 
behaviour when     is small.<latexit sha1_base64="Y2dmZFEDyKa7ihjbdd2jCsXpyT4=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BQTxGNA9IljA7O5sMmZldZmaFJeTgB3jVT/AmXv0Uv8DfcJLswSQWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOgHWlDNJm4YZTjuJolgEnLaD0c3Ubz9RpVksH02WUF/ggWQRI9hY6aEn03654lbdGdAq8XJSgRyNfvmnF8YkFVQawrHWXc9NjD/GyjDC6aTUSzVNMBnhAe1aKrGg2h/PTp2gM6uEKIqVLWnQTP07McZC60wEtlNgM9TL3lT8z+umJrr2x0wmqaGSzBdFKUcmRtO/UcgUJYZnlmCimL0VkSFWmBibzsIWbQRWmQonNhlvOYdV0rqoerVq7f6yUr/NMyrCCZzCOXhwBXW4gwY0gcAAXuAV3pxn5935cD7nrQUnnzmGBThfv4rGl0c=</latexit>ω
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Initial condition Final time

<latexit sha1_base64="tfHQXYWdzc/2qfRAzDUWBipD1kQ=">AAACAnicbVDLSsNAFJ3UV62vqks3wSJUkJKIVJcFQVxWsA9oQ5lMJu3YmUmYuRFD6c4PcKuf4E7c+iN+gb/htM3Cth64cDjnXu69x4850+A431ZuZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRavtYU84kbQADTtuxolj4nLb84fXEbz1SpVkk7yGNqSdwX7KQEQxGaiblpzM47RVLTsWZwl4mbkZKKEO9V/zpBhFJBJVAONa64zoxeCOsgBFOx4VuommMyRD3acdQiQXV3mh67dg+MUpgh5EyJcGeqn8nRlhonQrfdAoMA73oTcT/vE4C4ZU3YjJOgEoyWxQm3IbInrxuB0xRAjw1BBPFzK02GWCFCZiA5rZoEFilKhibZNzFHJZJ87ziVivVu4tS7SbLKI+O0DEqIxddohq6RXXUQAQ9oBf0it6sZ+vd+rA+Z605K5s5RHOwvn4B+9CYBA==</latexit> u
(x
,t
)

<latexit sha1_base64="tfHQXYWdzc/2qfRAzDUWBipD1kQ=">AAACAnicbVDLSsNAFJ3UV62vqks3wSJUkJKIVJcFQVxWsA9oQ5lMJu3YmUmYuRFD6c4PcKuf4E7c+iN+gb/htM3Cth64cDjnXu69x4850+A431ZuZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRavtYU84kbQADTtuxolj4nLb84fXEbz1SpVkk7yGNqSdwX7KQEQxGaiblpzM47RVLTsWZwl4mbkZKKEO9V/zpBhFJBJVAONa64zoxeCOsgBFOx4VuommMyRD3acdQiQXV3mh67dg+MUpgh5EyJcGeqn8nRlhonQrfdAoMA73oTcT/vE4C4ZU3YjJOgEoyWxQm3IbInrxuB0xRAjw1BBPFzK02GWCFCZiA5rZoEFilKhibZNzFHJZJ87ziVivVu4tS7SbLKI+O0DEqIxddohq6RXXUQAQ9oBf0it6sZ+vd+rA+Z605K5s5RHOwvn4B+9CYBA==</latexit> u
(x
,t
)
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Initial condition Final time

<latexit sha1_base64="tfHQXYWdzc/2qfRAzDUWBipD1kQ=">AAACAnicbVDLSsNAFJ3UV62vqks3wSJUkJKIVJcFQVxWsA9oQ5lMJu3YmUmYuRFD6c4PcKuf4E7c+iN+gb/htM3Cth64cDjnXu69x4850+A431ZuZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRavtYU84kbQADTtuxolj4nLb84fXEbz1SpVkk7yGNqSdwX7KQEQxGaiblpzM47RVLTsWZwl4mbkZKKEO9V/zpBhFJBJVAONa64zoxeCOsgBFOx4VuommMyRD3acdQiQXV3mh67dg+MUpgh5EyJcGeqn8nRlhonQrfdAoMA73oTcT/vE4C4ZU3YjJOgEoyWxQm3IbInrxuB0xRAjw1BBPFzK02GWCFCZiA5rZoEFilKhibZNzFHJZJ87ziVivVu4tS7SbLKI+O0DEqIxddohq6RXXUQAQ9oBf0it6sZ+vd+rA+Z605K5s5RHOwvn4B+9CYBA==</latexit> u
(x
,t
)

<latexit sha1_base64="tfHQXYWdzc/2qfRAzDUWBipD1kQ=">AAACAnicbVDLSsNAFJ3UV62vqks3wSJUkJKIVJcFQVxWsA9oQ5lMJu3YmUmYuRFD6c4PcKuf4E7c+iN+gb/htM3Cth64cDjnXu69x4850+A431ZuZXVtfSO/Wdja3tndK+4fNHWUKEIbJOKRavtYU84kbQADTtuxolj4nLb84fXEbz1SpVkk7yGNqSdwX7KQEQxGaiblpzM47RVLTsWZwl4mbkZKKEO9V/zpBhFJBJVAONa64zoxeCOsgBFOx4VuommMyRD3acdQiQXV3mh67dg+MUpgh5EyJcGeqn8nRlhonQrfdAoMA73oTcT/vE4C4ZU3YjJOgEoyWxQm3IbInrxuB0xRAjw1BBPFzK02GWCFCZiA5rZoEFilKhibZNzFHJZJ87ziVivVu4tS7SbLKI+O0DEqIxddohq6RXXUQAQ9oBf0it6sZ+vd+rA+Z605K5s5RHOwvn4B+9CYBA==</latexit> u
(x
,t
)
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Average of the      error over the whole test set.
<latexit sha1_base64="2L9ryBFHq59aHezl+ARGMOOA7y8=">AAAB/3icbVDLSsNAFL3xWeur6tJNsAiuSlKkuiwI4sJFRfuANpbJZNIOnZmEmYkQQhd+gFv9BHfi1k/xC/wNp20WtvXAhcM593LvPX7MqNKO822trK6tb2wWtorbO7t7+6WDw5aKEolJE0cskh0fKcKoIE1NNSOdWBLEfUba/uhq4refiFQ0Eg86jYnH0UDQkGKkjXR/+1jtl8pOxZnCXiZuTsqQo9Ev/fSCCCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bHrq2D41SmCHkTQltD1V/05kiCuVct90cqSHatGbiP953USHl15GRZxoIvBsUZgwW0f25G87oJJgzVJDEJbU3GrjIZIIa5PO3BalOZKpDMYmGXcxh2XSqlbcWqV2d16uX+cZFeAYTuAMXLiAOtxAA5qAYQAv8Apv1rP1bn1Yn7PWFSufOYI5WF+/7FyW5A==</latexit>

L2
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Numerical results—Burgers’ equation
Exploration of optimal size of the reduced space
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<latexit sha1_base64="LTiY6AHDdUgqdtII13YLA/pfYG0="></latexit>




ωtu→ ε!u→ (u ·↑)u+↑p = 0 ”, t > 0

↑ · u = 0 ”, t > 0

u(x, 0) = 0 ”, t = 0,

u = →g(y)n on #in,

u = 0 on #w

(ε↑u→ pI)n = 0 on #out,

<latexit sha1_base64="7Z15xYFUOkB6WlTka0z3UA5Hh6M=">AAACPnicbZDPSgMxEMaz/q3/qx69BIvgQcquSPUiFBT0WMFqoS1lNk01mGyWZFYpy76Oz+EDeFXwBfQkXj2a1kW09YPAx29mmMkXxlJY9P0Xb2JyanpmtjA3v7C4tLxSXF27sDoxjNeZlto0QrBciojXUaDkjdhwUKHkl+HN0aB+ecuNFTo6x37M2wquItETDNChTrHaOgGloHNHD2luUx1azGiLJfEPQh2PkFAjapXtdIolv+wPRcdNkJsSyVXrFN9aXc0SxSNkEqxtBn6M7RQMCiZ5Nt9KLI+B3cAVbzobgeK2nQ5/mtEtR7q0p417EdIh/T2RgrK2r0LXqQCv7WhtAP+rNRPsHbRTEcUJ8oh9L+olkqKmg9hoVxjOUPadAWaEu5WyazDA0IX7Z4tFBaZvuplLJhjNYdxc7JaDSrlytleqHucZFcgG2STbJCD7pEpOSY3UCSP35JE8kWfvwXv13r2P79YJL59ZJ3/kfX4B/cCwgQ==</latexit>

!w = !obst → !top → !bottom,

We now consider the Navier-Stokes equations in a channel with a cylindrical obstacle:
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Numerical results—Navier-Stokes
Non parametric test case, fixed Reynolds ( = 100). Results with 3 POD modes and 27 AE modes.
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Numerical results—Navier-Stokes
Non parametric test case, fixed Reynolds ( = 100). Results with 3 POD modes and 27 AE modes.
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Numerical results—Navier-Stokes

Non parametric test case, 
fixed Reynolds ( = 100). 
Robustness to small 
perturbations.
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Numerical results—Navier-Stokes

Non parametric test case, 
fixed Reynolds ( = 100). 
Robustness to large 
perturbations.
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Numerical results—Navier-Stokes
We now show a parametric test case.  
Training set: Re = 60, 70, …, 110, 120. Test set: Re = 50, 55, 65, 75, …, 105, 115, 125

20

Re = 125

Re = 105

Re = 50
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Numerical results—Navier-Stokes
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Ongoing work—Fluidic pinball 
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We now consider a more complex test case for the Navier-Stokes equations.

Steady 
symmetric

Periodic 
symmetric

Periodic 
asymmetric

Quasi-
periodic 

asymmetric
Chaotic 

symmetric

<latexit sha1_base64="OJ+OQbm+y4kThDI/MUajuGJOVvY=">AAACCnicbVDLSsNAFJ34rPVVdelmsAiuSiJSuywI4rKKfUAby2Ry0w6dSeLMRAihf+AHuNVPcCdu/Qm/wN9w2mZhWw9cOJxzL+dyvJgzpW3721pZXVvf2CxsFbd3dvf2SweHLRUlkkKTRjySHY8o4CyEpmaaQyeWQITHoe2NriZ++wmkYlF4r9MYXEEGIQsYJdpID3fQd3BPMQGP2Kn1S2W7Yk+Bl4mTkzLK0eiXfnp+RBMBoaacKNV17Fi7GZGaUQ7jYi9REBM6IgPoGhoSAcrNpl+P8alRfBxE0kyo8VT9e5ERoVQqPLMpiB6qRW8i/ud1Ex3U3IyFcaIhpLOgIOFYR3hSAfaZBKp5agihkplfMR0SSag2Rc2lKC2ITKU/Ns04iz0sk9Z5xalWqrcX5fp13lEBHaMTdIYcdInq6AY1UBNRJNELekVv1rP1bn1Yn7PVFSu/OUJzsL5+AVCbmuE=</latexit>

Re1 → 18
<latexit sha1_base64="ujAzzBGEHgV1VJ7tEQxYJiyG0Es=">AAACCnicbVDLSsNAFJ3UV62vqks3g0VwVZIitcuCIC6r2Ae0sUwmN+3QmSTOTIRQ+gd+gFv9BHfi1p/wC/wNp20WtvXAhcM593Iux4s5U9q2v63c2vrG5lZ+u7Czu7d/UDw8aqkokRSaNOKR7HhEAWchNDXTHDqxBCI8Dm1vdDX1208gFYvCe53G4AoyCFnAKNFGeriDfgX3FBPwiKu1frFkl+0Z8CpxMlJCGRr94k/Pj2giINSUE6W6jh1rd0ykZpTDpNBLFMSEjsgAuoaGRIByx7OvJ/jMKD4OImkm1Him/r0YE6FUKjyzKYgeqmVvKv7ndRMd1NwxC+NEQ0jnQUHCsY7wtALsMwlU89QQQiUzv2I6JJJQbYpaSFFaEJlKf2KacZZ7WCWtStmplqu3F6X6ddZRHp2gU3SOHHSJ6ugGNVATUSTRC3pFb9az9W59WJ/z1ZyV3RyjBVhfv1pAmuc=</latexit>

Re2 → 68
<latexit sha1_base64="BCkdvt90iSrpRnaiN8BuZdRE6iM=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCq5JoqS4LgrisYh/QhjKZ3LZDZ5I4MxFC6Tf4AW71E9yJW7/BL/A3nLZZ2NYDFw7n3Mu5HD/mTGnH+bZya+sbm1v57cLO7t5+0T44bKookRQaNOKRbPtEAWchNDTTHNqxBCJ8Di1/dD31W08gFYvCB53G4AkyCFmfUaKN1LOL99C7wF3FBDxi16n07JJTdmbAq8TNSAllqPfsn24Q0URAqCknSnVcJ9bemEjNKIdJoZsoiAkdkQF0DA2JAOWNZ49P8KlRAtyPpJlQ45n692JMhFKp8M2mIHqolr2p+J/XSXT/yhuzME40hHQe1E841hGetoADJoFqnhpCqGTmV0yHRBKqTVcLKUoLIlMZTEwz7nIPq6R5Xnar5epdpVS7yTrKo2N0gs6Qiy5RDd2iOmogihL0gl7Rm/VsvVsf1ud8NWdlN0doAdbXLz30m0o=</latexit>

Re3 → 104
<latexit sha1_base64="YcwIAlRvstEuam/0lfmwDpAC8L8=">AAACDXicbVBLSgNBFOyJvxg/GXXppjEIrsKMxOgyIIjLKOYDSQg9nTdJk+6esbtHCEPO4AHc6hHciVvP4Am8hp3PwiQWPCiq3qMeFcScaeN5305mbX1jcyu7ndvZ3dvPuweHdR0likKNRjxSzYBo4ExCzTDDoRkrICLg0AiG1xO/8QRKs0g+mFEMHUH6koWMEmOlrpu/h24JtzUT8Ih9/6LrFryiNwVeJf6cFNAc1a770+5FNBEgDeVE65bvxaaTEmUY5TDOtRMNMaFD0oeWpZII0J10+vgYn1qlh8NI2ZEGT9W/FykRWo9EYDcFMQO97E3E/7xWYsKrTspknBiQdBYUJhybCE9awD2mgBo+soRQxeyvmA6IItTYrhZStBFEjVRvbJvxl3tYJfXzol8ulu9KhcrNvKMsOkYn6Az56BJV0C2qohqiKEEv6BW9Oc/Ou/PhfM5WM8785ggtwPn6BULLm00=</latexit>

Re4 → 115
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Chaotic test case (Re = 120)
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Fully data driven: 
40 AE modes 
Hybrid model: 20 AE 
+ 20 POD modes 
ROM: 20 POD modes
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Chaotic test case (Re = 120)

Lift coefficient PDF Drag coefficient PDF
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Conclusion
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•Hybrid approach outperforms standard ROMs and data driven methods in non 
chaotic cases 

•Flexible framework 
•Dynamics captured both in POD and orthogonal space
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Time dynamics of AE modes
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